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Tight Formation Flight Control

Meir Pachter,¤ John J. D’Azzo,† and Andrew W. Proud‡

Air Force Institute of Technology, Wright–Patterson Air Force Base, Ohio 45433

The tight formation� ight control problem is addressed. The formationconsists of a lead and wing aircraft, where
the wing � ies in tight formation with the lead, such that the lead’s trailing vortices aerodynamically couple the
lead and the wing, and a reduction in the formation’s induced drag is achieved. A controller (i.e., a formation-hold
autopilot for the wing aircraft) is designed such that the formation’s geometry is maintained in the face of lead
aircraft maneuvers. In the formation � ight control system, the wing and lead aircraft dynamics are coupled due
to kinematic effects, and, in the case of tight formations, additional aerodynamic coupling effects are introduced.
These additional aerodynamic coupling effects are properly modeled. The most signi� cant aerodynamic coupling
effect introduced by tight formation � ight entails the coupling of the lateral/directional channel into the altitude-
hold autopilot channel. It is shown that formation-hold autopilots designed ignoring the aerodynamic coupling
effect yield satisfactory performance in tight formation � ight.

Nomenclature
b = wingspan of wing
CL L = lift coef� cient of the lead aircraft
S = surface area of wing
VSW = sidewash
W = wash vector
WUW = upwash
Nx = commanded longitudinal formation separation
Ny = commanded lateral formation separation
y0 = Ny=b
Nz = commanded vertical formation separation
z0 = Nz=b
0 = lead vortex strength per unit length
1CDW = change in drag coef� cient
1CL W = change in lift coef� cient
1CY = change in side force coef� cient
1x = perturbation in longitudinal formation separation
1y = perturbation in lateral formation separation
1z = perturbation in vertical formation separation
¹ = nondimensionalcorrection factor
¾SW = dimensionless change in induced sidewash
¾UW = dimensionless change in induced drag

I. Introduction

T HIS paper addressesthe designof an autopilotfor � ying a wing
aircraft in tight formation with the lead aircraft.The formation

geometry is determined by the lead’s Nx , Ny, and Nz position relative to
thewing aircraft,in a rotatingframeof referenceattachedto thewing
as shown in Fig. 1. A controller (i.e., a formation-hold autopilot for
the wing aircraft), is designed such that the formation’s geometry is
maintained in the face of lead aircraft maneuvers.A tight formation
is one in which the lateral separationbetween aircraft is less than a
wingspan. In this case, aerodynamiccoupling is introduced into the
formation’s dynamics, above and beyond the kinematicallyinduced
coupling.

Thus, a lead aircraft moving through the air creates vortices be-
hind the wing, as shown in Fig. 2. These vortices exert aerodynamic
forces and moments on the wing aircraft in the formation.

By properly positioning the wing aircraft relative to the lead air-
craft, the aerodynamic forces created by the lead’s vortex can be
used to reduce the fuel consumption of the wing aircraft. Indeed,
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the vortex shed by the lead aircraft induces an upwash on the wing
aircraft’s wing,which is responsiblefor reducingthewing’s induced
drag. The optimal spacing between the wing and lead aircraft, de-
termined by aerodynamic calculations (when the nondimensional
small correction factor ¹ is applied, the corrected optimal lateral
position is Ny D b

p
[.¼=4/2 C 3¹2], is Ny D .¼=4/b and Nz D 0, where

b is the wingspan of the lead aircraft. This is the optimal formation
geometry that maximizes the reduction in the formation’s induced
drag. To fully take advantage of the reduction in induced drag af-
forded by tight formations, the wing’s perturbationsin position rel-
ative to the lead must stay within 10% of the lead’s wingspan.Thus,
alternating aircraft in and out of the lead position can potentially
increase the range and enduranceof a formation of aircraft by 30%
(Ref. 1).

In previous work, the formation � ight control problem was in-
troduced and attention was given to the kinematic coupling and
autopilot saturation effects (see, for example, Refs. 2–9). In this
paper the additional aerodynamic coupling effects introduced by
tight formation � ight are properly modeled and a formation-hold
autopilotfor tight formation is designed. In Secs. II and III the aero-
dynamic effects in tight formation � ight are modeled. The upwash
created by � ying the wing in the lead’s vortex is calculated and in
Sec. IV the developed theory is applied to the modeling of a tight
formation � ight control system (FFCS) for an F-16 class aircraft.
The kinematic coupling effects that apply to both large and tight
formationsare modeled in Sec. V, and the complete tight formation
� ight control system is developed in Sec. VI. The formation-hold
autopilot is designed in Sec. VII, and the resulting performance is
evaluated in Sec. VIII using a simulation developed in MATLAB¨

SIMULINK, which includes the nonlinear kinematic effects. For-
mation heading change maneuvers are simulated. A comparison of
results with and without the aerodynamic coupling effects caused
by a tight formation included is also presented. Finally, in Sec. IX,
conclusions are drawn.

II. Upwash and Sidewash Modeling
A. Biot–Savart

This section outlines the method used to calculate the upwash
and sidewash created by the lead aircraft on the wing aircraft. The
derivation of the effect of the lead aircraft’s wing vortex on the
wingman’s wing is determined by using an analogy with electric
� eld strength produced by an electric current in electromagnetics.
A vortex � lament from Fig. 2 is redrawn in Fig. 3. The angles¯1 and
¯2 determinedby the vortex � lament segment [A0 B 0] and the point
P , are shown in Fig. 3. The � uid dynamics analogue of the Biot–
Savart law from electromagneticsstates that the inducedvelocityW
from vortex � lament A is given by

W D . OU 0=4¼rc/.cos ¯1 ¡ cos ¯2/ (1)
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Fig. 1 Formation ge-
ometry.

Fig. 2 Horseshoe vortex.

where rc is the distance from the vortex � lament to the point P ,
and the velocity of the air wash caused by the vortex � lament at
point P and out of the page is W. The unit vector OU is orthogonal
to the radius vector rc . When point A0 is at ¡1, the angle ¯1 D 0,
and when point B 0 is at C1, the angle ¯2 D ¼ . Assuming that the
longitudinalseparationin the formation is large, that is, greater than
two wingspans, is tantamount to saying that point B 0 is effectively
at C1. When the actual distance between the tail of the leader
and the nose of the wing is greater than 2b, this effectively places
point B 0 at C1. Then the lead aircraft’s spanwise contribution to
the � ow� eld near the wing aircraft can be neglected. Similarly, the
wing aircraft’s in� uenceon the � ow� eldnear the leadaircraft’s wing
can be neglected.These are the main assumptions used here for the
location of the wing aircraft’s wing with respect to the vortices
caused by the lead aircraft’s wing. The vortex goes back a great
distance before it is diffused, and the assumption that point A0 is
essentiallyat ¡1 is validated.This reducesEq. (1) to the simpli� ed
form of the Biot–Savart law,

W D OU 0=2¼rc (2)

The wash vector W at the point P for the geometry of Fig. 3 is out
of the page. This would be the special case of no sidewash and all
upwash at point P on the page.

Figure 4 is a view from above the two aircraft that contains both
the lead aircraft replaced by its horseshoe vortex approximation,

Fig. 3 Field strength at
point P due to � lament A.

Fig. 4 View from above the two aircraft.

Fig. 5 Behind view showing WA � eld.

with the sidesof the horseshoerepresentedby the A and B � laments.
The wing aircraft is representedby its ellipticalwingapproximation.
The reducedwingspan of the wing aircraft is representedby b0. This
is the corrected value for an elliptical lift distribution on a wing:

b0 D .¼=4/b (3)

Figure 5 shows the view from behind the two aircraft. The radius
vectors rc from each vortex � lament to the wing, disregarding the
Ox component due to the effectively in� nite length of the � laments,
are for � laments A and B

rA D [ Ny ¡ .b0=2/ ¡ y]Oy C .Nz ¡ z/Oz (4)

rB D [ Ny C .b0=2/ ¡ y]Oy C .Nz ¡ z/Oz (5)

where, Oy and Oz are the unit directional vectors. Based on Fig. 5
and with a bit of geometrical insight, it can be shown that the total
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upwash WUW at station (y, 0) from both � laments emanating from
the lead’s wing is

WUW D ¡0L

2¼

»
[ Ny ¡ .b0=2/ ¡ y]

[ Ny ¡ .b0=2/ ¡ y]2 C Nz2
¡

[ Ny C .b0=2/ ¡ y]
[ Ny C .b0=2/ ¡ y]2 C Nz2

¼

¡
1

2
b0 · y ·

1

2
b0 (6)

The total induced sidewashVSW at station (0, z) from both � laments
is

VSW D 0L

2¼

»
.Nz ¡ z/2

[ Ny ¡ .b0=2/]2 C .Nz ¡ z/2

¡ .Nz ¡ z/2

[ Ny C .b0=2/]2 C .Nz ¡ z/2

¼

0 ¸ z ¸ ¡hz (7)

B. Average Upwash and Sidewash
The average induced upwash on the wing aircraft’s wing is, thus,

calculated by integrating Eq. (6):

WUWavg D ¡ 0L

2¼b

Z b0=2

¡b0=2

»
[ Ny ¡ .b0=2/ ¡ y]

[ Ny ¡ .b0=2/ ¡ y]2 C Nz2

¡
[ Ny C .b0=2/ ¡ y]

[ Ny C .b0=2/ ¡ y]2 C Nz2

¼
dy (8)

After changing the variables to u D f[ Ny ¡ .b0=2/ ¡ y]2 C Nz2g for the
� rst term and similarly u0 D f[ Ny C .b0=2/ ¡ y]2 C Nz2g for the second
term, and changing the limits to match with the new variablesu and
u 0, the integral in Eq. (8) is evaluated as

WUWavg D ¡ 0L

4¼b0

µ
Ny2 C Nz2

. Ny ¡ b0/2 C Nz2
¡ . Ny C b0/2 C Nz2

Ny2 C Nz2

¶
(9)

Similarly, averagingby integratingfrom the bottomof the tail at 0 to
the top of the tail at ¡hz yields the average sidewash at the vertical
tail

VSWavg D 0L

4¼hz

»
[ Ny ¡ .b0=2/]2 C Nz2

[ Ny ¡ .b0=2/]2 C .Nz C hz/2

¡
[ Ny C .b0=2/]2 C Nz2

[ Ny2 C .b0=2/] C .Nz C h z/2

¼
(10)

C. Corrected Average Upwash and Sidewash
In this paper, the horseshoe approximation of the vortex shed

from the lead airdcraft’s wing is employed. A correction term ¹2

needs to be included in both the numerator and denominatorof each
term contained in the natural logarithms in Eqs. (9) and (10) to take
into account physical viscosity effects and to make the mathemati-
cal derivation more accurately follow the experimental data.1 This
is a dimensionless number and requires both the numerator and de-
nominator terms inside the logarithm to be nondimensionalized.To
make the terms nondimensional, both the numerators and denom-
inators are divided by b2 . The correction term ¹2 is then added to
both numerators and denominators. The resulting equations are

WUWavg D ¡
0L

4¼b

»
y02 C z02 C ¹2

[y 0 ¡ .¼=4/]2 C z 02 C ¹2

¡
[y 0 C .¼=4/]2 C z02 C ¹2

y 02 C z02 C ¹2

¼
(11)

VSWavg D
0L

4¼hz

»
[y 0 ¡ .¼=8/]2 C z 02 C ¹2

[y0 ¡ .¼=8/]2 C [z0 C .hz=b/]2 C ¹2

¡
[y 0 C .¼=8/]2 C z02 C ¹2

[y 0 C .¼=8/]2 C [z0 C .hz=b/]2 C ¹2

¼
(12)

where now the nondimensionalformation geometry parameters are
y0 D Ny=b and z0 D Nz=b.

III. Calculation of Change in Lift and Drag
The upwash on the wing causes a change in the angle of attack

of the wing. This causes a rotation in the lift and drag vectors.

A. Change in Drag
In Fig. 6, V is the velocity of the aircraft, W is the upwash, and

V 0 is the composite velocity of the air at the surface of the wing.
The original lift and drag vectors are represented by L and D and
the rotated lift and drag are represented by L 0 and D 0, respectively.
It can be seen from Fig. 6 that the change in angle of attack is

1® D arctan.jWUWj=V / ¼ jWUWj=V (13)

where the approximation for small angles has been applied. It can
also be seen from Fig. 6 that consequently the change in drag due
to the rotation of the lift vector is

1DW D ¡LW tan 1® ¼ ¡LW .jWUWj=V / (14)

where again, the small-angle approximation is used. Dividing both
sides by the dynamic pressure Nq and the surface area S of the wing,
the nondimensional coef� cient of drag increment is

1CDW D .1DW = NqS/ D ¡.LW = Nq S/.jWW j=V / D ¡CLW .WW =V /

(15)

Also, the vortex strength per unit length can be expressed as

0 D LL

½V b0
D LL

½V .¼=4/b
D

1
2 ½V 2 SCL L

½V .¼=4/b

D 2

¼

S

b2
CL L V b D 2

¼AR
CL L V b (16)

where S is the area of wing, V is the airspeed of formation, AR
is the aspect ratio of wing, and CL L is the lift coef� cient of the
lead aircraft. Substitutingthe precedingequation for vortex strength
and also substituting the earlier derived upwash expression into the
change in drag equation yields

1CDW D 1

¼AR
CL L CL W

2

¼ 2

»
y02 C z02 C ¹2

[y0 ¡ .¼=4/]2 C z02 C ¹2

¡
[y 0 C .¼=4/]2 C z02 C ¹2

y 02 C z 02 C ¹2

¼
(17)

B. Change in Lift
The change in lift coef� cient is given by

1CL W D 1®aW D .jWUWj=V /aW (18)

where aW is the lift curve slope of the wing. Substitution of the
upwash and vortex strength values, as before, results in

Fig. 6 Side view of wingman’s wing lift rotation.
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1CL W D
aW

¼AR
CL L

2

¼ 2

»
y02 C z02 C ¹2

[y0 ¡ .¼=4/]2 C z 02 C ¹2

¡
[y 0 C .¼=4/]2 C z02 C ¹2

y 02 C z02 C ¹2

¼
(19)

This is the change in lift coef� cient of the wing from the upwash
created by the lead aircraft.

C. Change in Side Force
The sidewash createdby the lead also causesa change in the force

on the vertical tail. This change in side force is

1FY D ´ Nq Svtavt.jVSWj=V / (20)

where ´ is the aerodynamic ef� ciency factor at the tail, Svt is the
vertical tail area, and avt is the lift curve slope of the vertical tail.
The nondimensional change in side force coef� cient is

1CY D ´.Svt=S/avt.jVSWj=V / (21)

Inserting the sidewash expression of Eq. (12) back into the nondi-
mensional side force Eq. (21) gives the side force coef� cient

1CY D ´
Svt

S

avt

V
0L

4¼hz

»
[y0 ¡ .¼=8/]2 C z 02 C ¹2

[y0 ¡ .¼=8/]2 C [z0 C .hz=b/]2 C ¹2

¡
[y 0 C .¼=8/]2 C z02 C ¹2

[y 0 C .¼=8/]2 C [z0 C .hz=b/]2 C ¹2

¼
(22)

Finally, substitutingfor 0 by using Eq. (16), the change in side force
coef� cient becomes

1CY D 1

¼AR

´SvtavtCLL b

2Sh z

2

¼

£
»

[y0 ¡ .¼=8/]2 C z02 C ¹2

[y 0 ¡ .¼=8/]2 C [z 0 C .hz=b/]2 C ¹2

¡
[y 0 C .¼=8/]2 C z02 C ¹2

[y 0 C .¼=8/]2 C [z0 C .hz=b/]2 C ¹2

¼
(23)

IV. Modi� ed Wing Aircraft Control System
It is envisaged that each aircraft is equipped with a � ight control

system that includes three standardautopilots:heading-hold,Mach-
hold, and altitude-holdautopilots.The aircraft/autopilotmodels are
low-order models: the Mach-hold and the heading-hold autopilots
are � rst order, and the altitude-hold autopilot is second order. The
conventional models for the aircraft/autopilots dynamical systems
are based on an individual aircraft in undisturbed air. These air-
craft/autopilotmodelswere developedin Ref. 4, using the principles
presented in Ref. 10. They make up the basic � ight control system
(FCS) for the lead and wing aircraft.

The formation� ight controlautopilotresideson the wing aircraft.
It is an outer-loopcontroller that receives measurements of the lead
aircraft’s position relative to the wing aircraft, and it drives the
reference signals of the wing’s three axes (Mach-hold, heading-
hold, and altitude-hold) autopilots.

For tight formation � ight, the wing FCS needs to be modi� ed to
account for the additional aerodynamic interactions created by the
upwash and sidewash from the lead aircraft. The upwash causes an
aerodynamic force in the Ox and Oz directions in the form of a change
in drag and change in lift as derived earlier. Thus, the wing aircraft
needs to be retrimmed in pitch. The sidewash induces a force in
the Oy direction caused by a change in lift on the vertical tail, which
requires the wing aircraft’s lateral directional control channel to
be retrimmed. This change in forces needs to be trimmed out by
the wing’s FCS. Above and beyond this retrimming action, it is
important to include the dynamical change in forces caused by a
perturbation1x , 1y, and 1z in the lead’s position in the formation
relative to the wing.

The upwashand sidewashalso causechangesin moments applied
to the wing aircraft.However, consistentwith the design philosophy

adoptedherein, moment effects are not explored in this paper.Thus,
the formation-holdautopilot designed in this paper is an outer-loop
controller that commands the wing aircraft’s altitude, velocity, and
heading.The latter are the referencesignals for the respective inner-
loop conventional autopilots and stability augmentation systems.
This is why, in this paper, attention is con� ned to the wake-induced
aerodynamic forces only. Thus, the moments applied to the wing
aircraft and inducedby the lead aircraft’s wake are not modeled and
are not incorportated into the design of the outer-loop formation-
hold autopilot. Indeed, the main bene� t of tight formation � ight is
affordedby the dominanteffectof induceddrag reduction.However,
the rolling moment applied to the wing aircraft has to be trimmed
out. The rejection of the rolling moment disturbances, caused by
perturbations in the wake-induced rolling moment resulting from
an instantaneous change in the lead’s position relative to the wing,
is relegated to the wing’s inner-loop stability augmentationsystem,
according to the design philosophy of the formation-hold autopilot
and as described in the paper. Thus, in the formation � ight mode the
inner control loop might have to be tighter than would normally be
required in free � ight. This decompositionapproachpermits the use
of the rather simpli� ed modeling employed,where the wing aircraft
is considered a point mass.

Thus, new stability derivatives for change in wing drag resulting
from a change in the Nx , Ny, and Nz positions in the formation need
to be determined for the Mach-hold channel. Similarly, the new
stabilityderivativesfor the change in lift due to a change in the Nx , Ny,
and Nz positions need to be determined for the altitude-holdchannel.
Finally, new stability derivatives for the change in side force due
to a change in the Nx , Ny, and Nz positions in the formation need to be
determined for use in the heading-holdchannel.The resulting wing
aircraft/autopliot model for tight formation � ight is

PVW D ¡.1=¿V /VW C .1=¿V /VWc

C . NqS=m/
£
1CDW x x C 1CDW y y C 1CDW z z

¤

PÃW D ¡.1=¿Ã /ÃW C .1=¿Ã /ÃWc

C . NqS=mV /
£
1CYW x x C 1CYW y y C 1CYW z z

¤

RhW D ¡
£¡

1
¯

¿ha

¢
C

¡
1
¯

¿hb

¢¤ PhW ¡
¡
1
¯

¿ha ¿hb

¢
hW C

¡
1
¯

¿ha

¢
hWc

C . NqS=m/
£
1CLW x x C 1CLW y y C 1CLW z z

¤

where VWc is the reference signal to the wing Mach-hold autopilot.
Similarly, hWc is the reference signal to the altitude-hold autopilot,
and ÃWc is the reference signal to the heading-holdautopilot. VW is
the wing’s velocity,ÃW is the wing’s heading, hW is the wing’s alti-
tude, and x ,y, and z are the perturbationsin the lead’s position in the
formation relative to the wing from the nominal location . Nx; Ny; Nz/.
In the PVW differential equation the new stability derivatives for the
longitudinal and the vertical perturbations, 1CDWx

, 1CDWy
, and

1CDWz
and 1CLWx

, 1CLWy
, and 1CLWz

, respectively, are multi-
plied by NqS=m . Multiplying them by NqS converts them into a force,
and then dividing by the mass converts them to an acceleration, as
required. The new stability derivatives for the heading differential
equation are multiplied by NqS=mV . The additional division by the
velocity is required because the heading rate is an angular velocity.
Also, the centrifugal acceleration is A D ! £ V where V is the air-
craft’s velocity and ! is the angular velocity. Because ! and V are
orthogonal, ! D A=V . Hence, the new stability derivatives in the
heading equation, when multiplied by NqS=mV , are converted to an
angular velocity, as required in the heading equation.

A. New Formation Stability Derivatives
The change in drag, lift, and side force on the wing aircraft in

a tight formation have been calculated earlier. To determine the
change in these forces due to a change in the lead’s x , y, and z
relative position in the formation, a linearization10 is performed
about the nominal lead position (which is measured with respect
to the wing’s position) in the optimal tight formation: The latter is
Ny D .¼=4/b [or, more accurately, Ny D b

p
[.¼=4/2 C 3¹2] and Nz D 0.
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This requires that derivatives of the change in drag, lift, and side
force be evaluated at these values for Ny and Nz.

First, a dimensionless expression is introduced for the change in
induced drag:

¾UW.y 0; z0/ D 2

¼ 2

»
y 02 C z 02 C ¹2

[y0 ¡ .¼=4/]2 C z02 C ¹2

¡
[y 0 C .¼=4/]2 C z02 C ¹2

y 02 C z02 C ¹2

¼
(24)

A similar nondimensionalfunction is de� ned for the sidewash com-
ponent:

¾SW.y 0; z0/ D 2

¼

»
[y 0 ¡ .¼=8/]2 C z02 C ¹2

[y 0 ¡ .¼=8/]2 C [z0 C .hz=b/]2 C ¹2

¡
[y 0 C .¼=8/]2 C z02 C ¹2

[y 0 C .¼=8/]2 C [z0 C .hz=b/]2 C ¹2

¼
(25)

Based on these de� nitions, the changes in lift, drag, and side force
given in Eqs. (17), (18), and (21) are expressed as

1CDW D .1=¼AR/CL L CLW ¾UW.y 0; z0/ (26)

1CLW D .1=¼AR/aCLW ¾UW.y 0; z0/ (27)

1CYW D 1
¼AR

´Svtavtb

2Shz
CL L ¾SW.y0; z0/ (28)

The only expressions in the preceding equations that vary with a
change in the x , y, and z positionsin the formationare the¾UW.y0; z 0/
function for the change in drag and lift and the ¾SW.y 0; z0/ func-
tion for the change in side force. The derivativesof ¾UW.y 0; z0/ and
¾SW.y 0; z0/ are analytically obtained as follows: The partial deriva-
tives for ¾UW.y 0; z0/ are calculated as

@¾UW

@x 0

­­­­
y0 D ¼=4;z 0 D 0

D 0 (29)

@¾UW

@y 0

­­­­
y 0 D ¼=4;z 0 D 0

D .3=8/¼

[.¼=4/2 C ¹2][.¼=2/2 C ¹2]
(30)

@¾UW

@z0

­­­­
y0 D ¼=4;z 0 D 0

D 0 (31)

and the partial derivatives for ¾SW.y0; z 0/ are calculated as

@¾SW

@x 0

­­­­
y0 D ¼=4;z 0 D 0

D 0 (32)

@¾SW

@y0

­­­­
y0 D ¼=4;z 0 D 0

D
1
2 .hz=b/2

[.¼=8/2 C ¹2]
£
.¼=8/2 C .hz=b/2 C ¹2

¤

¡
3
2 .hz=b/2

[.3¼=8/2 C ¹2]
£
.3¼=8/2 C .hz=b/2 C ¹2

¤ (33)

@¾SW

@z0

­­­­
y0 D ¼=4;z 0 D 0

D
¡.¼=2/.hz=b/£

.¼=8/2 C ¹2 C .h z=b/2
¤£

.3¼=8/2 C ¹2 C .hz=b/2
¤ (34)

Inserting the preceding derivatives into the changes in the expres-
sions for the drag, lift, and side force coef� cients yields

1CDW x D 1CL W x D 1CYW x D 1CDW z D 1CLW z D 0

1CDW y D 1

¼AR
C2

LW

3
8 ¼

[.¼=4/2 C ¹2][.¼=2/2 C ¹2]
(35)

1CL W y D
1

¼AR
aCLW

3
8
¼

[.¼=4/2 C ¹2][.¼=2/2 C ¹2]
(36)

1CYW y D 1

¼AR

´Svtavthz

4Sb
CL L

£

(
1

[.¼=8/2 C ¹2]
£
.¼=8/2 C .hz=b/2 C ¹2

¤

¡ 3

[.3¼=8/2 C ¹2]
£
.3¼=8/2 C .hz=b/2 C ¹2

¤
)

(37)

1CY W z D ¡ 1
¼AR

´Svtavt

2S
CL L

£ .¼=2/.hz=b/£
.¼=8/2 C ¹2 C .h z=b/2

¤£
.3¼=8/2 C ¹2 C .hz=b/2

¤ (38)

B. Modi� ed Wing Aircraft Control System
By the use of the stability derivatives just derived that are asso-

ciated with the forces created by the upwash and sidewash, the new
wing aicraft/autopilot dynamic system is

PVW D ¡.1=¿V /VW C .1=¿V /VWc C . NqS=m/1CDW y y (39)

PÃW D ¡.1=¿ÃW /ÃW C .1=¿ÃW /ÃWc

C . NqS=mV /
£
1CYW y y C 1CYW z z

¤
(40)

RhW D ¡
£¡

1
¯

¿ha

¢
C

¡
1
¯

¿hb

¢¤
PhW ¡

¡
1
¯

¿ha ¿hb

¢
hW

C
¡
1
¯

¿ha ¿hb

¢
hWc C . Nq S=m/1CLW y y (41)

where 1CDWy
, 1CLWy

, 1CYWy
, and 1CYWz

are the new tight for-
mation stability derivatives.

V. Formation Kinematics
The kinematic equationsrelating the separationbetween the lead

and wing aircraftaredevelopedin Refs. 3 and 4. A rotatingreference
frame af� xed to the wing’s instantaneousposition and aligned with
the wing’s velocity vector is used, as shown in Fig. 7. The lead’s
position in the rotating reference frame is (x , y, z). The kinematic
equations developed in Refs. 3 and 4 are

dx

dt
D VL cos ÃE C PÃW y ¡ VW (42)

dy

dt
D VL sin ÃE C PÃW x (43)

where the heading errror ÃE D ÃL ¡ ÃW .

VI. Complete System Model
Equations (39–41) are adjoined to the nonlinear kinematic

Eqs. (42) and (43), where Eq. (40) for PÃ is inserted into the x and y
separationdifferentialequations,yieldingthe novel six-dimensional
tight formation control system:

Px D ¡.y=¿ÃW /ÃW ¡ VW C VL cos.ÃL ¡ ÃW / C .y=¿ÃW /ÃWc

C y. NqS=mVW /
£
1CYWy

.y ¡ Ny/ C 1CYWz
.z ¡ Nz/

¤
(44)

Py D .x=¿ÃW /ÃW C VL sin.ÃL ¡ ÃW / ¡ .x=¿ÃW /ÃWc

¡ x. NqS=mVW /
£
1CYWy

.y ¡ Ny/ C 1CYWz
.z ¡ Nz/

¤
(45)
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Fig. 7 Wing aircraft rotating reference frame.
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0 ¡1
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0 0
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0 0
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(57)

PVW D ¡.1=¿V /VW C .1=¿V /VWc C . NqS=m/1CDW y .y ¡ Ny/ (46)

PÃW D .1=¿ÃW /ÃW C .1=¿ÃW /ÃWc

C . Nq S=mV /
£
1CYW y .y ¡ Ny/ C 1CYW z .z ¡ Nz/

¤
(47)

Pz D ³ (48)
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¡
1
¯

¿ha ¿hb

¢
hLc (49)

where the vertical separation z D hW ¡ hL and the wing and lead
aircraft are assumed to have the same vertical dynamics.

The six states are x; y; ÃW ; VW ; z; and ³ . The three control inputs
to the respectivewing’s heading-hold,Mach-hold,and altitude-hold
autopilot channels are ÃWC ; VWC ; and hWC , respectively.The lead’s
control inputs are viewedas a disturbance;thus, the disturbancesig-
nals are ÃL ; VL ; and hLc . This is the full nonlinearmodel that is used
in the simulation. For the purpose of controller design, lineariza-
tion of the precedingnonlinearsystem yields the linear perturbation
equations

Px D ¡. Ny=¿ÃW /ÃW ¡ VW C VL C . Ny=¿ÃW /ÃWc

C Ny. NqS=mVW /
£
1CYWy

y C 1CYWz
z
¤

(50)

Py D [. Nx=¿ÃW / ¡ NV /]ÃW C NV ÃL ¡ . Nx=¿ÃW /ÃWc

¡ Nx. NqS=mVW /
£
1CYWy

y C 1CYWz
z
¤

(51)

PVW D ¡.1=¿V /VW C .1=¿V /VWc C . NqS=m/1CDW y y (52)

PÃW D .1=¿ÃW /ÃW C .1=¿ÃW /ÃWc . NqS=mV /
£
1CYW y y C 1CYW z z

¤

(53)

Pz D ³ (54)
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The resulting linear state-space representationbased on the de� ned
states, controls, and disturbances is

d
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6666664
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7777775
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where the dynamics matrix is

the input matrix is

B D

2

6666666666666664

0
::: . Ny=¿ÃW /G 0

1=¿VW

::: 0 0

¢ ¢ ¢
::: ¢ ¢ ¢ ¢ ¢ ¢

0
::: ¡. Nx=¿ÃW /G 0

0
::: 1=¿ÃW 0

0
::: 0 0

0
::: 0 1

¯
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3
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and the disturbance matrix is

0 D

2

666666664

1 0 0

0 0 0

0 NVL G 0

0 0 0

0 0 0

0 0 ¡1
¯

¿ha ¿hb

3

777777775

(59)

and where the number G D ¼=180.

VII. Control Design
Similar to the large formation control system, note that the y and

z channels, viz., the states y; ÃW ; z; and ³ , are decoupled from the
x channel states, x and VW . Hence, � rst a controller is designed
for the y and z channels, where the control signals are ÃWc and
hWc . Then the design of the x-channel controller control law is
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synthesized for the VWc control signal. Furthermore, even though
the (y, z) model does not further decompose into individual y and z
channels as in Ref. 3, where the coupling is exclusively induced by
the kinematics of the large FFCS, the same controller is applied to
the tight FFCS because the tight formation-induced aerodynamic
coupling is rather weak.

The controller for the x and y channels contains a linear mixer
on the x and y error signals and proportional plus integral action.
Thus, a generalized y-channel scalar error signal is introduced, so
that the lateral error and the heading error are mixed according to

ey D ky y C kÃ eÃ (60)

anda linearproportional–integral(PI)controllaw11 for the y channel
is implemented:

ÃWc D K yP ey C K yI

Z t

0

ey dt (61)

Similarly, in the x channel, the generalized error signal is

ex D kx y C kV eV (62)

and a linear PI control law is implemented:

VWc D K xP ex C K x I

Z t

0

ex dt (63)

The z channel controller is a standard PI controller driven by the
altitude error z. The PI control law for the vertical channel is

hWc D Kz P z C K z I

Z t

0

z dt (64)

Buildingon the previouswork in Refs. 2–9, thecontroller’s gains are
adjusted to achieve the desired multivariable tracking performance:
In other words, the formation’s geometry is maintained despite the
lead’s maneuvers.

VIII. Performance Evaluation
Simulations are performed for tight formations consistingof two

F-16 class aircraft. The F-16 class aircraft model includes the � ight
control system/autopilot models, and the new tight formation sta-
bility derivativesderivedearlier. The FFCS is shown in Fig. 8 and is
simulated in MATLAB’s SIMULINK package by The MathWorks,
Inc. The tight formation’s geometry is speci� ed by Nx D 60 ft and
Ny D 23:562 ft, or 2b and (¼=4/b, respectively,which correspondsto
minimum formation drag. Typical F-16 class aircraft data required
for this work is listed in Table 1, and the evaluated tight formation
stability derivatives based on this data are listed in Table 2.

Fig. 8 FFCS.

Table 1 F-16 class aircraft characteristic valuesa

Parameter Value

Wing area, S, ft2 300
Wing span, b, ft 30
Aspect ratio, AR 3
Lift curve slope, a , per rad 5.3
Tail area, Svt, ft2 54.75
Tail height, hz , in. 120
Tail lift curve slope, avt, per rad 5.3
Aerodynamic ef� ciency factor, ´ 0.95
Velocity time constant, ¿VW , s 5
Heading time constant, ¿ÃW , s 0.75
Altitude time constant, ha , s 0.3075
Altitude time constant, hb , s 3.85
Gross weight, w, lb 25,000
Gross mass, m, slugs 776.4
Velocity, NV , Mach ft/s 0.85 (825)

aAltitude of 45,000 ft and dynamic pressure 155.8 lb/ft2 .

Table 2 Tight formation stability derivatives
at Åy = (¼/4)b and Åz = 0

Derivative Value

1CDW y ¡0.000782
1CLW y ¡0.0077
1CYW y 0.0033
1CYW z ¡0.0011

The dynamic A matrix evaluated for the data listed in Table 1
and the nominal Nx , Ny, and Nz separations just listed, with no tight
formation-inducedaerodynamic coupling effects, is

A D
2

6666666666666664

0 ¡1:0000
::: 0 ¡1:2337 0 0

0 ¡0:2000
::: 0 0 0 0

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

0 0
::: 0 ¡11:2474

::: 0 0

0 0
::: 0 ¡3:0000

::: 0 0
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

0 0
::: 0 0

::: 0 1:0000

0 0
::: 0 0

::: ¡0:8447 ¡3:5118

3

7777777777777775

(65)

The dynamics A matrix evaluated for the data listed in Table 1 and
the nominal Nx , Ny, and Nz separationswith the tight formationcoupling
effects included, is

A D
2

66666666666664

0 ¡1:0000
::: 0:0057 ¡1:2337 ¡0:0020 0

0 ¡0:2000
::: ¡0:0471 0 0 0

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

0 0
::: ¡0:0144 ¡11:2574 0:0050 0

0 0
::: 0:0138 ¡3:0000 0:0138 0

0 0
::: 0 0 0 1:0000

0 0
::: 0:4663 0 ¡0:8447 ¡3:5118

3

77777777777775

(66)

It can be seen from a comparison of Eqs. (65) and (66) that the
aerodynamic coupling terms introduced by the tight formation are
small; one notable exception is A6;3 D 0:4663, which causes the y
channel to be coupled into the z channel. The y and z channels
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Fig. 9 Lead and wing responses for a 30-deg heading change, with no tight formation coupling effects: left, time response and right, Lissajous plot.

Fig. 10 Lead and wing responses for a 30-deg heading change, with tight formation coupling effects included: left, time response and right, Lissajous
plot.

are still decoupled from the x channel. This justi� es the use of the
large formationcontrollerbecause this is essentiallya three-channel
system, although special care is required in the z-channel controller
design.

Simulations are performed in which the lead aircraft is com-
manded to perform a headingchange of 30 deg, and the lead aircraft
turns into the wing aircraft. Figure 9 shows the time response and
Lissajous plots for the linearized system for a ¡30-deg heading
change, with no tight formation aerodynamic coupling effects in-
cluded. Figure 10 is the time response and Lissajous plots for the
¡30-deg headingchange with tight formation couplingeffects.The
solid curves representthe lead aircraftand the dashed line represents
the wing aircraft in the top three subplots. The solid line represents
the nominal values in the bottom three subplots and the dashed line
represents the actual values. This format is used for all time plots.
The starting point in the Lissajous plots is representedby an O and
the end point is representedby an X. Obviously, the formation-hold
autopilot guarantees that the points O and X coincide, and, more-
over, this is the only point on the Lissajous trajectory where the
latter is not continuouslydifferentiable.

The most obvious and most interesting difference between the
large and tight formation time responses is the effect on the z chan-
nel of the tight formation induced coupling. This is to be expected
from a comparison of Eqs. (65) and (66). The effects of the dis-
turbances are unnoticeableon the horizontal channels, as expected,
bearing in mind the small numerical values of the tight formation
dynamics’ new stability derivatives. The closest the aircraft come
to one another is 1 6

7
b in the x direction and 2

3
b in the y direction

during the 30-deg heading change maneuver, viz., the x and y de-
viations peak at 1

7
b D 0:14b and .¼=4 ¡ 2

3 /b D 0:11b, respectively.
The x-channel transient settles within 20 s and the y channel settles
within 60 s. The gains have been chosen to produce approximately
equal maximum positive and negative perturbations from the opti-
mal position.This can be seen in Fig. 9 in which the deviation to the
right is approximately equal to the deviation to the left. The second
criterion for gain selectionwas to maintain a consistentresponse for
both a positive and a negative change in either the heading or the
velocity. The third criterion for selecting the gains was to keep the
wing from crossingover either axis. The third criterionhas the dual
effect of preventinga collision between the lead and the wing; also,
a collision is prevented in a formation containing both a left and
a right wing aircraft. The gains for the vertical channel were also
chosen based on the � rst two criteria identi� ed for the horizontal
channel. The gain values are listed in Table 3. During the maneu-
vers, formation spacing is maintained within 14% of the wingspan
in both the Ox and Oy directions, and there is a negligible change in
the Oz direction. Zero steady-state tracking errors are recorded af-
ter the cross coupled tight formation heading change is complete.
Therefore, the large FFCS (designed such that only the kinematic
coupling effects are acknowledgedwhen the aerodynamiccoupling
effects are neglected) can handle the aerodynamic coupling effects
created by a lead aircraft’s wings in a tight formation and maintains
the formation. Furthermore, the FFCS can maintain the formation
spacing within the required 10%b tolerance for the following lead
manuevers:a leadheadingchangeof§20deg,a leadvelocitychange
of §50 ft/s, and a lead altitude change of §400 ft (Ref. 10). Most



254 PACHTER, D’AZZO, AND PROUD

Table 3 FFCS gains

FFCS Numerical
gains value

Linear mixer
kV 12.5
kÃ 6.0
kx , s¡1 ¡8.0
ky , deg/ft ¡0.6
kz 25.0

PI compensator
KX P 6.0
KX I 0.4
KYP 11.0
KY I 0.9
KZ P 4.0
KZ I 0.5

importantly, within this operational envelope, autopilot saturation
effects, extensively investigated in Refs. 2–10 play a role. This was
borne out during simulations performed on the nonlinear model
which included saturation effects, as documented in Ref. 10.

IX. Conclusions
The tight formation aerodynamic coupling effects on the wing

aircraft caused by the lead’s wing vortex have been included in
the formation control system’s dynamics. A tight formation con-
trol system for the wing aircraft is designed. It is shown that a
formation control system designed without due consideration of
the aerodynamic coupling effects caused by a tight formation con-
� guration and where only the kinematic coupling effects are ac-
counted for can handle the additional aerodynamiccoupling effects
caused by tight formation � ying. The automatic formation � ight
controller can maintain the formation geometry within the required
10%b tolerance in the face of lead maneuvers, provided that the
lead heading change is not more then §20 deg, a lead velocity

change of §50 ft/s, and a lead altitude change of §400 ft. Thus,
the developed tight formation � ight controller can enable aircraft
to take advantage of the reduction in induced drag brought about
by the aerodynamic coupling effects. This will reduce the forma-
tion’s fuel consumptionand extend formation range and endurance.
The novel FFCS will also enable multiple unihabited air vehicles
to � y together in a controlled tight formation during surveillance
missions.
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